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Abstract
We study the equivariant cohomology of a class of multi-field topological
Landau-Ginzburg models, and find that such systems carry intrinsic infor-
mation about W -gravity. As a result, we can construct the gravitational
chiral ring in terms of LG polynomials. We find, in particular, that the
spectrum of such theories seems to be richer than so far expected. We also
briefly discuss the BRST operator for non-linear topological W -gravity.
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1 Introduction
By now it is well-known [1–3] that certain systems of conformal matter coupled
to 2d-gravity have an equivalent description in terms of topological Landau-Ginzburg
theory [4]. More precisely, the minimal models of type (1, t) coupled to gravity are
closely related to the twisted [5,6] N = 2 superconformal minimal models of type
Ak+1, where t = k + 2. In particular, the dynamics of both systems are governed
[7,8] by the same KdV-type of integrable systems. This, in effect, allows to use N=2
Landau-Ginzburg methods to obtain further insight in the matter-gravity systems,
and to explicitly compute various correlation functions.
There is, however, an important difference between the matter-gravity system
and the topological minimal model: the spectrum of of Ak+1 is given by the chiral
primary ring
Rx =
{
1, x, x2, . . . , xk
}
, (1.1)
whereas for the chiral ground ring of the matter-gravity system one has infinitely
many more physical operators:
Rx,γ = Rx ⊗
{
(γ0)l, l = 0, 1, 2, . . .
}
. (1.2)
This is also the spectrum of an a priori different system, namely of topological minimal
matter Ak+1 coupled [9] to topological gravity [10]. From this viewpoint, one may
interpret (γ0)l as gravitational descendants and call Rx,γ an gravitationally extended
chiral ring.
One can actually modify the cohomological definition of the topological matter
theory such that its spectrum becomes precisely Rx,γ [2,11]. That is, upon requiring
equivariant cohomology, which amounts to imposing the condition that the anti-ghost
b annihilates the physical states [10,12], the gravitational descendants (γ0)l become
physical in the modified theory. This means, however, that the structure of the
gravitational sector must, in some way, already be built in the topological matter
model.
Indeed, in the Landau-Ginzburg formulation of topological minimal matter [13],
where x in (1.1) is viewed as the LG field (with superpotential W (x) = xk+2), the
gravitational descendants can be very simply constructed in terms of x as well [14]:
⋆
(γ0)lxi = σl(x
i) = xi+(k+2)l , x(l+1)(k+2)−1 ≡ 0 (1.3)
⋆ We will denote the (abstract) excitations of topological gravity by (γ0)l and their LG repre-
sentatives by σl.
− 1 −
(we also exhibited here the null states of the theory). In more technical terms, the
BRST cohomology of the topological matter-gravity system has representatives that
lie entirely in the matter sector [11].
It is the gravitational ring structure (1.3), depicted in Fig.1, that is common to
many algebraic features of the theory, like for example the spectrum of KdV flows. One
of our concerns is to analyze the corresponding structure of more complicated versions
of 2d gravity in connection with Landau-Ginzburg models. In essence, gravity models
with additional symmetries lead to LG models with more basic fields and more types
of gravitational excitations. In particular, we want to understand the gravitational
chiral rings that are implicitly built in more complicated LG models. The rule, valid at
least for a large class of theories, seems to be that one gets a new type of gravitational
descendant generator for each new LG field, as well as an independent supercurrent
generator of the extended topological symmetry algebra [2,15]. What we hope for to
find, ultimately, is an intrinsic and generic relationship between N=2 Landau-Ginz-
burg theory, variations of topological gravity and integrable systems [15].
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Fig. 1 Chiral ring spectrum and pattern of KdV flows in the topological
minimal model of type A5 coupled to gravity. The open dot describes
a null field.
In the present paper, we consider as next step in this project the question, how
the extended gravitational sector can be recovered from within a more general, multi-
variable LG theory.
Specifically, we will focus on theW3 extension of gravity coupled [16] to matter of
type (1, t). We do this not because W3 matter-gravity systems would be particularly
important, but because these systems are the simplest possible extensions of ordinary
gravity theories, the study of which ought to provide insight into the general case.
It is known [2] that such systems have an analogous close connection to topological
W3 minimal models, which are just the (twisted) N = 2 coset models [17] based on
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SU(3)k
U(2) (where t = k+3), and which have a well-understood [18,19] Landau-Ginzburg
description as well.
In the next section, we will study theW3 symmetry properties of such LG models.
We then couple them to non-linear topological W3-gravity, which we define in terms
of quantum Hamiltonian reduction of OSp(6|4) and which is different from the kinds
of linear W3-gravity discussed so far in the literature [20]. Though we did not fully
succeed in explicitly writing down the complete BRST operator, we will go sufficiently
far to be able to investigate the relevant part of the equivariant cohomology of the
matter-gravity system. We will see that the non-trivial cohomology can indeed be
represented in terms of the Landau-Ginzburg sector alone, and we will be able to
write the observables of topological W -gravity in terms of LG polynomials. As it
will be discussed in the conclusions, we find that there are actually more physical
operators than it was expected from previous work. Finally, in the appendix we will
explain our superspace conventions.
2 W3 symmetry in N=2 Landau-Ginzburg models
Following in spirit [21,22], we will describe the topological W3 matter sector
in terms “almost” free LG fields.
⋆
We find that the formulae become particularly
compact if we choose chiral superfields Xi,Ψi i = 1, 2, as follows:
†
Xi = xi + θ
−ψ+i − 12θ+θ−∂xi
Ψi = ψ
+
i + θ
−∂x∗i − 12θ+θ−∂ψ+i .
(2.1)
The component fields are the usual building blocks of topological LG models [4],
and are nothing but a collection of ghost systems in disguise: x = β, ψ+ = b, ψ+ =
c, ∂x∗ = γ. In computing operator products, one can safely ignore the superpotential,
since it gives rise only to soft contributions. Therefore, we are effectively dealing with
a free theory,
Xi(Z1)Ψj(Z2) = δij
θ−12
z12
, (2.2)
⋆ After we had finished the computations for this section, we received the paper [23] which has
some overlap with our results.
† We will be considering in this paper only the left-moving part of the theory. For the right-
movers, analogous formulae hold.
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with super stress tensor [21,22]
Tm(X,Ψ) =
2∑
i=1
[ωiXi(D−Ψi) + (ωi − 1)(D−Xi)Ψi ] (2.3)
(relevant for us is, of course, the topologically twisted version [5,6], which is considered
later). Above, ωi = i/t are the U(1) charges of the fields Xi. The stress tensor gives
rise to a central charge of
cm = 6
( t− 3
t
)
, (2.4)
and this is precisely the central charge of the N=2 coset models CP2,k [17] based on
SU(3)k
U(2) , if one sets
t = k + 3 . (2.5)
These models are well-known to exhibit an N=2 W3 superconformal symmetry [24],
and indeed we can construct with the above building blocks the following primary,
spin-2 supercurrent:
Wm(Xi,Ψi) =
αm
{
(2−9t+2t2)(t−1)
(t−4)t(2+t) (D−X1)(D−X2)Ψ1Ψ2 − (5t−18)(t−4)(2+t) (D−X1)X2(D−Ψ1)Ψ2
− (t−1)(t−4)t (D−X1)X2Ψ1(D−Ψ2)− (t−5)(2t−1)2t(2+t) (D−X1)∂Ψ1 − (t−1)t (D−X2)∂Ψ2
+ (t−1)(2t
2−5t−4)
2(t−4)t(2+t) (D−∂X1)Ψ1 +
(2−4t+t2)(t−2)
(t−4 )t(2+t) (D−∂X2)Ψ2 +
(t−5)
2t(2+t)X1(D−∂Ψ1)
− (t−1)(3t−8)(t−4)t (2+t)X1(D−X1)Ψ1(D−Ψ1) + 2−9t+2t
2
(t−4)t(2+t )X1(D−X2)(D−Ψ1)Ψ2
+ (3t−8)
2(t−4)t(2+t) (X1)
2(D−Ψ1)
2
+ 1
(t−4)tX1X2(D−Ψ1)(D−Ψ2) +
1
t
X2(D−∂Ψ2)
− (t−2)
(t−4)tX2(D−X2)Ψ2(D−Ψ2) +
1
(t−4)t (X2)
2(D−Ψ2)
2
− (1+t)(2t2−5t−4)2t(t−4)(2+t) ∂X1(D−Ψ1)−
(2−4t+t2)
(t−4)t ∂X2(D−Ψ2)
}
+ A W˜m ,
(2.6)
where
W˜m = X2(D−Ψ1)2 + (1− t)(D−X2)Ψ1(D−Ψ1) , (2.7)
and where A is a free parameter. Together with Tm, Wm generates the N = 2 W3
superconformal algebra (A.4). Taking αm ≡
√
(t−4)(t+2)
(2t−3)(5t−18) gives the normalization:
Wm · Wm ∼ 16cm 1(z−w)4 + . . ..
The full algebra that Tm and Wm generate is actually somewhat larger, due to
the presence of the free parameter A in (2.6). Indeed Tm, W˜m form a separate linear
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N=2 W3 algebra with W˜m · W˜m ∼ 0, so that the full algebra is a semi-direct product
of a linear with a non-linear N =2 W3 algebra. However, the chiral algebra currents
must commute with the screening operators of the theory, a quantum version of the
requirement that the currents be conserved, and this is what fixes A. In the present
N =2 Landau-Ginzburg theories describing the models CP2,k, the relevant screeners
[21,22] are given in terms of the superpotentials: QW =
1
2πi
∮
dz dθ−Wk(X1, X2).
Requiring
1
2πi
∮
dz dθ−Wk(X1, X2)(Z) · Tm = 0 (2.8)
just yields the usual condition for Wk to be quasi-homogenous: Wk =
∑
ωixi∂iWk.
But requiring in addition
1
2πi
∮
dz dθ−Wk(X1, X2)(Z) · Wm = 0 (2.9)
gives
A =
αm
t
(18− 5t)
(t− 4)(2 + t) , (2.10)
and produces a large list of additional differential equations for the superpotentials
Wk. A typical equation is, for example{
(t− 4) (2 + t) ∂
∂x2
+ (3t− 8)x2 ∂
2
∂x22
+
(4t− 13)x1 ∂
2
∂x1∂x2
+ (5t− 18) ∂
2
∂x12
}
Wk(x1, x2) = 0 .
(2.11)
The LG superpotentials of the coset models CP2,k are well-known [18,25,26], and can
be compactly characterized by the following generating function [26]:
− log
[ 2∑
i=1
(−λ)ixi
]
=
∞∑
k=−2
λk+3Wk(x1, x2) (2.12)
Using identities like [15]
Wk(x1, x2) =
1
t
(2
∂
∂x1
+ x1
∂
∂x2
)Wk+1(x1, x2)
∂
∂x1
Wk(x1, x2) = (x1
∂
∂x1
+ x2
∂
∂x2
)Wk−1(x1, x2)
∂
∂x2
Wk(x1, x2) = − ∂
∂x1
Wk−1(x1, x2) ,
(2.13)
− 5 −
we find that all equations are solved precisely by the superpotentials Wk. This proves
that the models CP2,k are indeed associated with the “correct” points in the LGmoduli
spaces that are determined in terms of the cohomology of grassmannians [18,25,19,26].
The explicit form of the N = 2 W3 symmetry currents allows us to choose a
convenient, distinguished basis for the LG polynomials, namely the basis of eigenstates
of V0 ≡
∫
zWm. We find that it is simply given by
Φl,m(x1, x2) = x2
m
( ∂
∂x1
Wl−2(x1, x2)
)
. (2.14)
These specific polynomials [15] can also be associated with the weights of the -
representation of SU(k+2). The chiral primary ring of the matter model CP2,k
[18,19] in this basis is then
R(k)x =
{
Φl,m(x1, x2) , m+ l ≤ k
}
. (2.15)
We will show later how the Φl,m with m+ l > k can be used to describe theW -gravity
descendants as well.
The U(1) quantum numbers of the ring elements are
J0(Φ
l,m) =
1
t
(l + 2m) , (2.16)
and it is straightforward to compute the V0 quantum numbers for any given Φ
l,m. In
particular, we have
V0(Φ
1,0 ≡ x1) = αm 5− t
2t(t+ 2)
V0(Φ
0,1 ≡ x2) = −αm 1
t
.
(2.17)
This indeed coincides with the V0 quantum numbers one gets from the explicit expres-
sions [2] of the ground ring generators x1, x2 of (1, t)-typeW3-matter-gravity systems,
by using the current V given in eq. (2.31) of ref. [2]. This is another confirmation that
the topologically twisted models CP2,k are, essentially, equivalent to these systems.
We now turn to the topologically twisted version of the matter theory. Starting
from the N = 2 structure, one obtains the chiral algebra of the topological matter
system by twisting the N=2 currents. In superspace, these currents are simply given
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by D−Tm|θ−=0 and D−Wm|θ−=0. Each of them describes a BRST doublet with the
BRST charge given by
QS =
1
2πi
∮
dz dθ− Tm.
From Eq. (A.4), one deduces that that the algebra generated by D−Tm|θ−=0 and
D−Wm|θ−=0 indeed closes, but in a non-linear way. In fact, a detailed inspection
reveals that the structure functions do depend on the full N = 2 currents and not
only on the topological currents. In the next section we will describe the coupling the
matter system to topological gravity.
3 Non-linear topological W3-gravity
In [10], topological gravity was constructed from gauge fixing a theory with triv-
ial action of the d = 2 Poincare group, a contraction of Sl(2). The resulting field
content was given by Liouville fields π and φ, fermions ψ and χ and ghosts b, c, β
and γ. Several generalizations to topologicalW3-gravity were made in [20] by starting
from a gauge theory of some contraction of Sl(3). These approaches were however
unsatisfying in the sense that the resulting twisted N = 2 W3 algebra had a linear
nature: the OPE of D−W with itself vanished. On the other hand, from our expe-
rience with non-critical W -strings [16] we rather expect the Liouville sector to have
the same type of chiral algebra as the matter sector. Though it might very well be
that the full non-linear N=2 W3 algebra arises from the approach of [20] by making
a different gauge choice, we do not pursue this approach here.
Instead, motivated by a hidden, doubly twisted N=4 superconformal symmetry
in topological gravity [27], we will rather define non-linear topological W -gravity via
quantum Hamiltonian reduction of a WZW model; by general results of Hamiltonian
reduction [28], such a theory is consistent by construction, and the existence of a
quantum BRST operator is automatic. As will be explained below, this approach
indeed implies the existence of a non-linear N=2 W -algebra in the Liouville sector.
⋆
Therefore, we start by directly constructing the N = 2 W3 algebra out of the field
content of refs. [20]. This essentially amounts to doubling the fields appearing in
⋆ The linear W -currents of [20] are like the nilpotent current W˜m in (2.7), to be seen in contrast
with the non-linear current Wm in (2.6).
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ordinary topological gravity. Again N =2 superspace provides the most economical
way to do so, and we thus introduce free chiral superfields Πi and Ψi, i = 1, 2,
Πi = πi + θ
−∂χi − 12θ+θ−∂πi
Φi = ψi + θ
−∂φi − 12θ+θ−∂ψi ,
(3.1)
with OPE’s
Πi(Z1) Φj(Z2) =
1
z12
δij θ
−
12 . (3.2)
The super stress tensor of the ordinary topological Liouville sector (before twisting)
is
Tl,1 = −Φ1 (D−Π1) + q (D−Φ1) + q ∂Π1 , (3.3)
which has central charge cl,1 = 3(1 + 2q
2). It turns out that the complete N =2 W3
algebra can be realized in terms of Tl,1 alone, together with the extra W3 Liouville
fields Π2,Φ2 (completely analogous to the free field realization of the ordinary W3-
algebra [29]). In particular, the total Liouville super stress tensor is
Tl = Tl,1 − Φ2 (D−Π2) + q (D−Φ2) + 2 q ∂Π2 , (3.4)
whose central charge depends on the background charge parameter q as follows:
cl = 6 (1 + 3q
2) . (3.5)
In addition, we have the following primary, spin-2 supercurrent in the Liouville sector:
Wl(Π,Φ) =
αl
{
1
2q
2T ′l,1 +
2(1−2q2)(1+3q2)
10+36q2 (D+−Tl,1)− (8q
2−3)
10+36q2 (Tl,1)2
+
2q(1+5q2)
5+18q2 Tl,1(D−Φ2)−
2(1+5q2)
5+18q2 Tl,1(D−Π2)Φ2 + q(2q
2−1)
5+18q2 Tl,1∂Π2
+
q(3+8q2)
5+18q2
(D−Π2)Φ2(D−Φ2) + 1+6q
2+12q4
5+18q2
(D−Π2)∂Φ2 − q
2(3+8q2)
2(5+18q2)
(D−Φ2)(D−Φ2)
+
(1+3q2)(2q2−1)
5+18q2
(D−∂Π2)Φ2 − q(D+Tl,1)(D−Π2) + (1−2q
2)(1+2q2)
5+18q2
∂Π2(D−Φ2)
+
q(1−2q2)
5+18q2 ∂Π2(D−Π2)Φ2 +
q2(2q2−1)
5+18q2 ∂Π2∂Π2 +
q(1−2q2)(1+3q2)
5+18q2 ∂
2Π2
− q(1+6q
2+12q4)
2(5+18q2) (D−∂Φ2)
}
.
(3.6)
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which generates, together with Tl, the non-linear N =2 W3 algebra (A.4). We stress
once more that this is unlike the spin-2 Liouville supercurrents discussed in the lit-
erature [20], which generate linear N = 2 W3 algebras and square to zero. Taking
αl =
√
(5+18 q2)
(1−2 q2) (2+3 q2) (1+4 q2) gives the normalization: Wl ·Wl ∼ 16cl 1(z−w)4 + . . .. The
topological currents are given by D−Tl|θ−=0 and D−Wl|θ−=0 and generate precisely
the same algebra as D−Tm|θ−=0 and D−Wm|θ−=0.
The ghost system is described by free anti-chiral superfields (i = 1, 2)
Bi = βi + θ
+bi − 12θ+θ−∂βi
Ci = ci + θ
+γi − 12θ+θ−∂ci .
(3.7)
with
Bi(Z1)Cj(Z2) =
1
z12
δij θ
+
12 . (3.8)
Above, (bi, ci) are the usual fermionic ghosts with spins (i + 1,−i), and (βi, γi) are
their superpartners. The ghost number current looks
Tg# =
2∑
i=1
{
D+(CiBi) + (D+Ci)Bi
}
, (3.9)
whereas the ghost super stress tensor is given by
Tgh = −(D+B1)C1 − 2B1 (D+C1)− 2 (D+B2)C2 − 3B2 (D+C2) , (3.10)
with central charge cgh = −3(3 + 5) = −24. In (3.5), the value q = 1 gives cl = 24,
which cancels the central charge of the topological ghost system, and is theW3 analog
of the “critical” central charge cl = 9 of ordinary topological gravity. However, there
is no need to cancel the central charge of the ghosts, because in topological gravities
the BRST operator squares to zero independently of that; we will thus assume q = 1
henceforth, even when we will couple in topological matter.
In pure topological W3-gravity, the BRST operator has the form
QBRST = QS +QV , (3.11)
where
QS =
1
2πi
∮
dz dθ+
[ Tl + Tgh] (3.12)
− 9 −
is the total supersymmetry charge, and
QV =
1
2πi
∮
dz dθ+
[
C1D−(Tl + 12Tgh) + C2 (D−Wl + 12Ŵgh)
]
. (3.13)
The only unknown in (3.13) is the twisted spin-2 ghost current Ŵgh = D−Wgh. It is
given to leading order by
Ŵgh = 3B2∂C1 + ∂B2C1
− 5i
√
2√
69
B1∂
2C1 +
100(31+4
√
6)
5175 B1∂
3C2 + 4i
√
2−3√3√
69
∂B2∂C2 +
10(5
√
6−67)
1725 ∂
2B1∂C2
+ 4i√
23
TlB2∂C2 − 10(5
√
6−6)
575 Tl∂B1∂C2 + 44i5√23WlB1∂C2 +
2(25
√
6−94)
1725 Tl′B1∂C2
+ 2i
√
2√
69
(D−Tl)B2(D+C2) + 2i(5
√
6−36)
15
√
23
(D−Wl)B1(D+C2) + 10041725(D+−Tl)B1∂C2
− 22575Tl2B1∂C2 + . . .
(3.14)
Unfortunately, for technical reasons we have not been able, despite much effort, to
compute all terms of Ŵgh. However, we were careful to ensure that our results, and
the conclusions we draw from them, do not depend on the extra terms in (3.14). We
also found that already with the above, incomplete form of (3.14), many terms cancel
in (QBRST )
2 in a highly non-trivial way (actually, all terms that are independent of
the anti-ghosts B and in particular, all non-linear terms that arise from (C2D−Wl)2).
The only feature that is important in the present context is that the full BRST
operator really exists at all (and satisfies the identity (4.1) below).
In order to argue so, note that in ordinary topological gravity the presence of two
BRST charges QV , QS (and thus of two “BRST-ancestors” of the energy-momentum
tensor, namely the anti-ghost b1 and the fermionic current G−), indicates a hidden,
doubly twisted N=4 superconformal structure. An explicit realization of the theory
can be obtained by the Hamiltonian reduction of OSp(4|2) determined by its maximal
regular subalgebra Sl(2|1). The gradation used in the reduction is tuned precisely
such that the resulting N=4 algebra is doubly twisted. Topological gravity from this
Hamiltonian reduction point of view will be discussed in detail in ref.[27].
The obvious question in the present context is whether the N=4 superconformal
structure of topological gravity extends to topological W -gravity. It is clear that a
necessary requirement for this is the existence of an N =4 Wn algebra that contains
the N=2Wn-algebra. In order to track down such an algebra, Hamiltonian reduction
is again the method of choice. The N = 2 Wn algebra is obtained from a reduction
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of Sl(n|n− 1) determined by the principal embedding of Sl(2|1) [24]. Analyzing
possible embeddings of Sl(n|n−1) in supergroups [30], one arrives at the conclusion
that only one natural candidate for an N = 4 Wn algebra exists: OSp(2n|2(n−1)),
which has Sl(n|n−1) as a maximal regular subalgebra; see Fig.2. The embedding
Sl(2|1) →֒ OSp(2n|2(n−1)) is the principal embedding in the maximal regular Sl(n|n−
1) subalgebra. Because of this particular choice of the embedding of Sl(2|1), we have
already the guarantee that the superconformal algebra contains the N=2Wn algebra
as a subalgebra.
1
1 2
2
3
3
n 1
n 1
n 2
n 2
1
1

Sl(njn 1)
OSp(2nj2(n 1))
Fig. 2 The Dynkin diagrams of Sl(n|n−1) and OSp(2n|2(n−1)). The
embedding of Sl(n|n−1) is obtained by removing the dot denoted by ×
in the diagram of OSp(2n|2(n−1)).
Using the general framework set up in [28], one finds that the resulting current
algebra consists of unconstrained N = 2 superfields
⋆
of dimension 1, 2, ..., n−1,
which generate an N=2 Wn algebra. Besides these, one has a dimension 0 superfield
(which in analogy with the ordinary N = 4 algebra only appears through its D+
or D− derivative) and couples of fields of dimension (2k + 1)/2 where either k =
0, 2, ..., (n − 2) for n even or k = 1, 3, ..., (n − 2) for n odd. The algebra has
indeed four supersymmetry currents of dimension 3/2. However, in order to call
this an N =4 algebra, we also need that the supercharges can be viewed as “square
⋆ In order to complete the “short” N =2 multiplets, some free fermions and a free scalar field
have to be added. This is the reverse of the mechanism discussed in [31].
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roots” of the translations. A sufficient condition for this is that the Sl(2) subalgebra of
OSp(2n|2(n−1)), which yields the energy-momentum tensor in the reduction, together
with the two angular momentum 1/2 multiplets (which give rise to the two other
dimension 3/2 supercurrents), generate an Sl(2|1) subalgebra. We verified that this
is indeed the case for n = 2 and 3 and expect it to be valid for arbitrary n.
Thus, all ingredients for performing a double twist and thus obtaining topological
Wn-gravity are indeed present. Though we leave the detailed investigation of these
matters for future work [27], the arguments just given almost prove the existence ofQV
in topological W -gravity (at the quantum level). In view of the great computational
difficulties we encountered in directly constructing QV , it might very well be that the
above discussed method provides the only economic way to obtain QV explicitly.
In order to couple in additional matter, one may follow the philosophy of [16].
There, at least for W3 gravity, it was argued that coupling matter to a non-linear
algebra is possible provided the combined matter-gravity sector has a closed (possibly
soft) gauge algebra at the classical level. The structure of the classical N = 2 W3
algebra is schematically given by
T T = [T ]
T W = [W]
WW = [T T T ]+ [T W] . (3.15)
If we now introduce the total currents Ttot = Tl + Tm and Wtot =Wl −Wm, we find
that the classical algebra indeed closes. The only non-trivial OPE is the one of Wtot
with itself, which has the structure:
WtotWtot =
[
(TmTm − TmTl + TlTl) Ttot
]
+
1
2
[
(Tl − Tm)Wtot
]
+ 1
2
[
(Wl +Wm) Ttot
]
.
(3.16)
We thus expect the BRST charge to have the form:
QV =
1
2πi
∮
dz dθ+
[
C1D−(Tl+Tm+ 12Tgh) +C2 (D−Wl−D−Wm+ 12Ŵgh)
]
, (3.17)
where Ŵgh is very similar to eq. (3.14), except for some multiplicative renormaliza-
tions and the fact that the Liouville-dependent parts will be replaced by the structure
functions (cf., (3.16)) of the combined matter-gravity gauge algebra. Note, though,
that we do not need in the following the exact form of (3.17). The point is that the
Liouville sector is necessary only to obtain a covariant formulation [32], and can in
principle be decoupled. Indeed, it does not play any role in our subsequent discussion
of equivariant cohomology. Therefore, for our purposes, we can effectively take as
BRST operator the expression (3.13), with Tl and Wl replaced by Tm and −Wm of
eqs. (2.3), (2.6), respectively.
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4 Equivariant cohomology in the topological LG system
In analogy to ref. [11], we introduce the following homotopy operator,
S = e
1
2πi
∮
dz (c1G˜
−+ c2U˜−)
, (4.1)
where
G˜− = G−m +
1
2G
−
gh
U˜− = −U−m + 12U−gh ,
(4.2)
with U− = D−W|θ+,θ−=0. It is straightforward, but tedious to check that S has the
crucial property
⋆
S (QS +QV )S
−1 = QS , (4.3)
which means that the cohomology of the full BRST operator is isomorphic to the
cohomology of the supersymmetry charge, QS ≡ 12πi
∮
(G+m +G
+
gh). This, ultimately,
will imply that the cohomology of the topological matter-gravity system has repre-
sentatives purely in the matter sector.
Specifically, consider some polynomial in the LG fields that is proportional to the
vanishing relations,
Φ(x1, x2) =
2∑
i=1
PΦi (x1, x2)
∂
∂xi
W (x1, x2) , (4.4)
which is a null field in the topological matter model. Using δsψ
+
i =
1
2
∂xiW for the
BRST variation in the topological matter model [4,21,11], one can write
Φ(x1, x2) =
1
2
{
Qs,
2∑
i=1
ψ+i P
Φ
i (x1, x2)
}
=: 12
{
Qs, Λ
Φ
}
.
(4.5)
Whether Φ is a null operator or not after coupling to topological gravity, depends
thus on whether ΛΦ is a physical operator or not. The point is that in equivariant
cohomology, the physical states are required to be killed by the zero modes of the
⋆ We checked this identity up to the order for which the approximation of the BRST operator
(3.13), (3.14) is reliable. It seems to trace back to an automorphism of OSp(6|4), as will be
discussed elsewhere [27].
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anti-ghosts, and this means for W3 gravity: (b1)
−
0 |Φ〉 ≡ (b1− b1) 0|Φ〉 = 0, (b2)−0 |Φ〉 ≡
(b2−b2) 0|Φ〉 = 0. These conditions are important for defining correlation functions of
topological gravity unambiguously [20,33]. Like for ordinary topological gravity [11],
one can employ the similarity transformation S to rotate the states into the ”matter”
picture, |Φ〉m = S|Φ〉. Under this transformation, one has:
S (b1) 0 S
−1 = (b1 +G−tot) 0
S (b2) 0 S
−1 = (b2 + U−tot) 0 ,
(4.6)
so that in the matter picture the physical state conditions are
QS |Φ〉m ∼= 0
(b1 +G
−
tot)
−
0 |Φ〉m ∼= 0
(b2 + U
−
tot)
−
0 |Φ〉m ∼= 0 ,
(4.7)
where “∼=” means equality modulo null fields. This means that the naive matter null
field Φ(x1, x2) in (4.5) remains null after coupling to topological gravity precisely if{
(b1 +G
−
tot)
−
0 , Λ
Φ
} ∼= 0{
(b2 + U
−
tot)
−
0 , Λ
Φ
} ∼= 0 . (4.8)
Here, only the matter parts in G−tot, U
−
tot can contribute, and the matter contribu-
tions from U−gh can be seen not to yield any additional information. Therefore, the
computation boils down to determining
K1(Φ) =
{
G−m,0, Λ
Φ
}
K2(Φ) =
{
U−m,0, Λ
Φ
}
.
(4.9)
This involves only quantities that pertain to the topological matter theory. Using the
component forms
G−m =
∑
ψ+i ∂x
∗
i
U−m = αm
{
2ψ+1 ψ
+
2 ψ
+
2 ∂x
∗
1 +
18−5t
(t−4)(t+2)ψ
+
2 ∂x
∗
1
2 + 3t−8(t−4)(t+2)ψ
+
1 x1∂x
∗
1
2
− 2(t−5)(t−1)(t−4)(t+2) ψ+1 ψ+2 ψ+1 ∂x∗2 − 2(t−5)(t−4)(t+2)ψ+2 x1∂x∗1∂x∗2 + 2(3t−8)(t−4)(t+2)ψ+1 x2∂x∗1∂x∗2
+ 1
t−4ψ
+
2 x2∂x
∗
2
2− 2t2−5t−4
(t−4)(t+2 )∂x
∗
1∂ψ
+
1 −
2(2−4t+t2)
(t−4) (t+2)∂x
∗
2∂ψ
+
2 +
t−5
t+2
ψ+1 ∂
2x∗1+ψ
+
2 ∂
2x∗2
}
,
(4.10)
one can then rewrite the conditions for Φ(x1, x2) to be null in the following way:
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K1(Φ) = 12πi
∮
dz z G−m(z) · ΛΦ =
2∑
i=1
∂
∂xi
PΦi (x1, x2)
∼= 0 ,
K2(Φ) = 12πi
∮
dz z2 U−m(z) · ΛΦ = αm(t−4)(t+2) ×{[ (
t2 + 4t− 24) ∂
∂x1
+ 2 (3t− 8) x2 ∂
2
∂x1∂x2
+ (3t− 8)x1 ∂
2
∂x12
]
PΦ1 (x1, x2)
+
[ (
t2 − 6t+ 12) ∂
∂x2
+ (t+ 2)x2
∂2
∂x22
− 2 (t− 5)x1 ∂
2
∂x1∂x2
− (5t− 18) ∂
2
∂x12
]
PΦ2 (x1, x2)
} ∼= 0 .
(4.11)
Obviously, the operators Ki(Φ) map between LG polynomials, and more specifically,
one has the following system of descent equations on the space of polynomials:
Φ =: Φ(0,0) +
∑
PΦi,(0,0)
∂
∂xi
Wk
...
...
K1(Φ(n1,n2)) =: Φ(n1+1,n2) +
∑
PΦi,(n1+1,n2)
∂
∂xi
Wk
K2(Φ(n1,n2)) =: Φ(n1,n2+1) +
∑
PΦi,(n1,n2+1)
∂
∂xi
Wk ,
(4.12)
where Φ(n1,n2) ∈ R(k)x . Note that these expansions are in general not unique, and
this, in fact, corresponds to choosing a gauge (that is, by writing K1(Φi ·Φj) ≡ ΓkijΦk,
we see that it amounts to a gauge choice for the Gauß-Manin connection Γ [34]).
Therefore the precise image of a given Φ under the map K1 or K2 depends, in general,
on this gauge. By choosing the PΦi appropriately, the Ki can always be made to act
between the W3 eigen-polynomials Φ
l,m.
By definition, the Ki map physical operators into physical ones and unphysical
(null) operators into unphysical ones, and this allows to recursively determine whether
any given polynomial Φl,m describes a physical state or not. For l ≥ t, it is easy to
see that one can always choose the PΦi such that
K1,2 : Φl,m(x1, x2) −→ Φl−t,m(x1, x2) , (4.13)
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so that all operators with l ≥ t can be related to operators in the strip l < t. The
action of the Ki on the operators with l < t is, on the other hand, in general quite
complicated, but can be deduced case by case. The result from such an analysis is
that all Φl,m become physical operators after coupling to W -gravity, except for{
Φ(l+1) t−m−2,m(x1, x2), l = 0, 1, 2, . . . , m = 0, 1, 2, . . . (l + 1) t− 2
}{
Φ(l+1) t−1,m(x1, x2), Φl,(m+1) t−1(x1, x2), l, m = 0, 1, 2, . . .
}
,
(4.14)
which remain null. This list corresponds to eq. (1.3) for one variable. The spectrum
for t = 7 is depicted in Fig.3, which is the two-variable analog of Fig.1.
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Fig. 3Gravitational chiral ring associated with the topologicalW3 mini-
mal model CP2,4, represented in terms of Landau-Ginzburg polynomials
Φl,m(x1, x2). The projection on the m-axis gives the U(1) charge (2.16).
The open dots denote null fields. The leftmost triangle of black dots
represents the primary chiral ring R(4)x of the matter model, while the
other black dots represent their gravitational descendants. The descen-
dant generators are linear combinations of the two operators indicated.
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The interpretation of the physical states with l+m > k ≡ t−3 is, of course, that
they are the gravitational descendants of the matter chiral ring R(k)x , and it is easy
to see that the Ki(Φ) are linear combinations of inverses of gravitational descendant
generators σ1, σ2. More specifically, consider
σ1 ≡ σ1(1) := Φt,0 ≡ ∂
∂x1
Wk+1(x1, x2)
= (x1
∂
∂x1
+ x2
∂
∂x2
)Wk(x1, x2) ,
(4.15)
where in the second line we used (2.13). The expression in the second line is the same
as the expression for the dilaton in terms of LG fields that was found by Lossev [14].
Indeed, K1 is identical to the recursion operator of [14] that satisfies
K1(σ1(Φ)) = 2Φ , (4.16)
which is solved by
σ1(Φ) ∼= ∂
∂x1
Wk(x1, x2)
( ∫ x1
dx′1Φ
)
+
∂
∂x2
Wk(x1, x2)
( ∫ x2
dx′2Φ
)
. (4.17)
K1 also appears in the puncture operator contact term. Specifically, noting that for
l,m ≥ 0:
K1(Φt+l,m) = (l +m+ 2)Φl,m , (4.18)
one gets∫
|z|<ǫ
Φ(z) |Φt+l,m 〉 = Φ(0) | K1(Φt+l,m) 〉 = (l +m+ 2) | (Φ · Φl,m) 〉 , (4.19)
and this leads, essentially, to a Virasoro algebra [32]. It would be very interesting to
find a W -geometric interpretation of the other operator, K2, in relation with contact
terms, but this is beyond our present scope.
As for the other gravitational descendant generator, σ2, we find that using iden-
tities like (2.13) one has for l +m ≤ k:
K1(Φt−l−2,m+l+1) = −(m+ 1)Φl,m . (4.20)
(In terms of Fig.2, the operators Φt+l,m and Φt−l−2,m+l+1 live in the two triangles
that are pointed to by the arrows.) Therefore the linear combinations
σ2(Φ
l,m) :≡ (l +m+ 2)Φt−l−2,m+l+1 + (m+ 1)Φt+l,m (4.21)
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obey
K1(σ2(Φl,m)) = 0 . (4.22)
On the other hand, one can check that
K2(σ2(Φl,m)) = v2 Φl,m , (4.23)
with some generically non-zero coefficient v2. This means that although σ2(Φ
l,m) are
null operators in ordinary topological gravity, they become physical if one imposes the
additional W3 equivariance condition, b2Φ ∼= 0. Hence, these operators can be viewed
as LG representatives of the extra gravitational descendants of R(k)x that are due to
the W3 extension of topological gravity. In particular, the W3 descendant generator
is
σ2 ≡ σ2(1) = Φt,0 + 2Φt−2,1 = (x1 ∂
∂x1
+ 3x2
∂
∂x2
)Wk(x1, x2) . (4.24)
One expects that σ1,2 are LG representatives of the basic operators of topological
W3-gravity, and we like to find the precise relationship by making use of an argument
similar to the one of ref. [11]. For this, note that in analogy to ordinary gravity [10,20],
the non-trivial cohomology in pure topological W -gravity is (supposedly completely)
generated by
γ0i =
1
2
{
QS −QS ,
{
QV , φi
}}
=: 12
{
QS, Λ
γi
}− c.c , i = 1, 2. (4.25)
(These operators are non-trivial because the Liouville fields φi do not create states in
the physical Hilbert space.) From the BRST operator (3.13) we have
Λγ1 = −1
2
∂c1 − 1946∂2c2 +
(
c1∂φ1 + . . .
)
Λγ2 = −∂c1 + 423∂2c2 +
(
c1∂φ2 + . . .
)
,
(4.26)
where the parentheses indicate terms that are not important here. For convenience,
let us first introduce
σ˜1 = (18− 5t)σ1 + (t2 − t− 6)σ2 , (4.27)
and note that
K1(σ˜1) = 2(18− 5t)
K2(σ˜1) = 0
K1(σ2) = 0
K2(σ2) = 2 5t−18(t+2)(t−4)αm ,
(4.28)
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as well as
(b1)0 · Λγ1 = −12
(b2)0 · Λγ1 = −1923
(b1)0 · Λγ2 = −1
(b2)0 · Λγ2 = 823 .
(4.29)
Then, observing that the Liouville and ghost parts in G−tot, U
−
tot do not contribute to
the constant terms that we are looking at and that Sγ0i S
−1 = γ0i , we see the following
equivariance conditions to be satisfied:{
(b1 +G
−
tot) 0, α1(8Λ
γ1 + 19Λγ2) − Λ˜σ1 } = 0{
(b2 + U
−
tot) 0, α1(8Λ
γ1 + 19Λγ2) − Λ˜σ1 } ≡ 0 , (4.30)
where α1 =
2
23 (5t− 18), and{
(b1 +G
−
tot) 0, α2(2Λ
γ1 − Λγ2) − Λσ2 } ≡ 0{
(b2 + U
−
tot) 0, α2(2Λ
γ1 − Λγ2) − Λσ2 } = 0 , (4.31)
where α2 =
18−5t
(t+2)(t−4)αm. This means that we have, in equivariant cohomology,
the following relationship between the two representations of the gravitational ring
generators:
σ˜1(x1, x2) ∼= α1 (8γ01 + 19γ02)
σ2(x1, x2) ∼= α2 (2γ01 − γ02) .
(4.32)
Because of the polynomial ring structure, it is quite clear that similar equivalences
should hold also for powers of the σi.
5 Conclusions
We investigated how topological W -gravity can be realized in terms of twisted
N = 2 Landau-Ginzburg theory. We showed that by using only information that is
intrinsic to a given LG “matter” model, one can recover the chiral ground ring of
topological W -gravity, and generate pictures like Fig.4. We considered as example
the special case of W3, but it is fairly obvious that our methods should work for
general Wn in an analogous way (and probably for even more general LG theories as
well).
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Fig. 4 Polynomial representation of pure W3-gravity. The spectrum
corresponds to the “trivial” superpotential W0 =
1
3
x1
3 − x1x2 with
vanishing N=2 central charge. The marked dots denote physical states
that were unexpected from previous work.
More specifically, we first showed how one can construct the extended (twisted)
N=2 current algebra in terms of Landau-Ginzburg data, which are the LG fields and
their superpotential. We then used these currents to describe the effect of requiring
equivariant cohomology on the LG spectrum. The precise form of the gravity sector,
and hence of the BRST operator, is not important here, since it decouples. The
only important ingredient is eq. (4.3), which ensures that the cohomology can be
represented entirely in the LG sector. The precise form of the chiral algebra currents
then directly translates into which LG polynomials become physical and which stay
null after coupling to topological W -gravity.
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We find this simple algorithm quite remarkable, since the polynomial LG spec-
trum obtained in this way carries implicitly a lot of mathematical information, for
example about the structure of singular vectors of type (1, t)W3 minimal models, and
about representation theory of affine algebras.
Our results also indicate that the spectrum of W -gravity coupled to matter con-
tains more states than previously thought. In refs. [2,35], the W3 chiral ground ring
for t = k + 3 was found to contain the following operators:
R(k)x,γ = R(k)x (x1, x2) ⊗
{
(σ1)
r1(σ2)
r2 , r1, r2 = 1, 2, . . .
}
, (5.1)
where σi denote gravitational generators with U(1) charges
J0(σi) = i . (5.2)
In contrast, we find in the present paper a ring generator σ2 already at level one and
not at level two,
J0(σi) = 1 . (5.3)
The new spectrum contains the old one, and to be explicit, we marked in Fig.4 the
new additional states.
Note that our present findings do not invalidate the results of refs. [2,35], where
one was looking for ring generators with the simplest possible structure (that turned
out be be already quite complicated!). It would be very interesting to understand
the emergence of the additional states in terms of the cohomology of the W3-matter-
gravity system.
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Appendix A. Superspace conventions and the N=2 W3 alge-
bra
We use N = 2 superspace with coordinates {z, θ+, θ−}. The derivatives are
defined as
D± ≡ D∓ ≡ ∂
∂θ±
− 1
2
θ∓
∂
∂z
∂ ≡ ∂
∂z
D+− ≡ −12 [D+, D−] ,
(A.1)
such that
{D+, D−} = −∂ .
From
1
2πi
∮
dZ1
θ+12θ
−
12
z12
Φ(Z1) = Φ(Z2)
one deduces the N=2 Taylor expansion
Φ(Z1) =
∑
n≥0
zn12
n!
∂n
(
1 + θ+12D+ + θ
−
12D− + θ
+
12θ
−
12D+−
)
Φ(Z2),
where
θ±12 ≡ θ±1 − θ±2
z12 ≡ z1 − z2 + 12θ+1 θ−2 + 12θ−1 θ+2 .
The super energy momentum tensor T is an unconstrained superfield which satisfies
the OPE:
T (Z1) T (Z2) = c
3
1
z212
+
(
θ+12θ
−
12
z212
+
θ−12
z12
D− − θ
+
12
z12
D+ +
θ+12θ
−
12
z12
∂
)
T (Z2). (A.2)
An unconstrained superfieldO is primary with conformal dimension h and U(1) charge
q if
T (Z1)O(Z2) =
(
hθ+12θ
−
12
1
z212
+
θ−12
z12
D− − θ
+
12
z12
D+ +
θ+12θ
−
12
z12
∂ + q
1
z12
)
O(Z2). (A.3)
The superfield O is said to be chiral if it satisfies D+O = 0 and consistency of eq.
(A.3)with this requires that h = q/2. Similarly, one can define an anti-chiral superfield
O which satisfies D−O = 0 and which has h = −q/2.
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In this paper, we mainly deal with the N = 2 W3 algebra [24]. This algebra is
generated by the super energy momentum tensor and one additional unconstrained
superfield W. It is primary with conformal dimension 2 and vanishing U(1) charge.
The operator product expansion of W with itself is rather involved, but we give it
here to correct some slight misprints of the component results given in the literature:
W(Z1)W(Z2) = 1
z412
{ c
6
+ θ+12 θ
−
12 T
}
− 1
z312
{
θ+12D+T − θ−12D−T − θ+12 θ−12 ∂T
}
+
1
z212
{
(1− c)−1
(
− 2c
3
D+−T + T T + θ−12
(
3−2c
3
∂D−T + T D−T
)−
θ+12
(
3−2c
3 ∂D+T − T D+T
)
+ (4(3− 2c)(6 + c))−1θ+12 θ−12
(
3(10c− 24)c∂D+−T +
4(36− 9c+ 8c2)T D+−T − 12(3 + 4c)T T T + 12(12− 5c)cD−T D+T +
2(18− 15c+ 2c2 + 2c3)∂2T ))+ α(W + 12θ−12D−W + 12θ+12D+W−
θ+12 θ
−
12 3(4(12− 5c))−1
(
28T W − 2(8− c)D+−W
))}
+
1
z12
{
(1− c)−1∂T T − c(3(1− c))−1∂D+−T +
θ+12 (2(1− c)(3− 2c)(6 + c))−1
(− c(9− 3c+ c2)∂2D+T + 6(3 + 4c)T T D+T +
18(1− c)cD+−T D+T + 2(18− 24c− c2)∂D+T T − 3(1− c)(6− c)∂T D+T
)
+
θ−12 (2(1− c)(3− 2c)(6 + c))−1
(
1
2c(9 + 3c+ 2c
2)∂2D−T − 6(3 + 4c)T T D−T −
18(1− c)cD−T D+−T + 2(18− 24c− c2)∂D−T T − 3(1− c)(6− c)∂T D−T
)
+
θ+12 θ
−
12 (2(1− c)(3− 2c)(6 + c))−1
(
4(12− 5c)c∂D−T D+T +
8(9− 3c+ c2)∂D+−T T − 4(12− 5c)c∂D+T D−T + 4c(3 + 4c)∂T D+−T −
12(3 + 4c)∂T T T − 1
3
(18 + 3c+ 2c2 − 2c3)∂3T )+ α(1
2
∂W+
θ+12 (2(12− 5c)(3 + c))−1
(
3(c− 1)(6− c)∂D+W + 6(15− c)T D+W−
54(1− c)D+T W
)
+ θ−12 (2(12− 5c)(3 + c))−1
(
3(c− 1)(6− c)∂D−W−
6(15− c)T D−W + 54(1− c)D−T W
)
+ θ+12 θ
−
12 (2(12− 5c)(3 + c))−1×(
2(15− c)c∂D+−W − 18(6 + c)T ∂W + 6(12− 5c)D−T D+W+
6(12− 5c)D+T D−W − 12(3 + 4c)∂T W
))}
(A.4)
where
α =
√
2(3 + c)(12− 5c)√
3(3− 2c)(−15 + c)(−1 + c)(6 + c) .
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